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Abstract: In this paper, The radial Schrédinger equation solution is used to investigate the mass spectra of heavy quarkonia and
B, mesons for different states. For this an alternative non-relativistic potential model is applied. The Nikiforov-Uvarov method is
used to solve Schrodinger equation with general non relativistic potential model. Its effective method to get the energy
eigenvalues and eigen functions for heavy quarkonia. Based on the findings, our findings are consistent with those of other
experimental and theoretical studies. The results are acceptable when compared to those of other experimental studies.
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1. Introduction:

Solving the Schrédinger equation with spherically symmetrical particles is one of the most difficult problems in
quantum physics. The Cornell potential is one of these possibilities because it accurately describes the properties
of quarkonium. Despite the fact that this potential has been used for a long time, the precise solution to the
Schrodinger equation with this potential is unknown. To find analytical solutions to this equation, use a direct
numerical solution of the boundary conditions given on the wave functions as well as various approximation
methods. The Schrodinger equation [SE] solution plays an important role in high energy physics. Because the
properties of heavy quarkonium, which consists of heavy quarks and antiquarks, are well described by the
Schrédinger equation, the solution of this equation with a spherically symmetric potential is of great importance in
describing quarkonia spectra [1]. The Cornell potential, a hold type potential, is widely used in modelling the

interaction potentials of meson systems [2].

The Nikiforov - Uvarov method is used to obtain asymptotic expressions for the eigen functions and the
eigenvalues of the Schrodinger equation for the chosen potential. This method can be used to calculate
approximate analytical formulas for energy levels, which can be useful when qualitatively analyzing the spectrum

of a model system. The mass spectrum of quarkonia and B, mesons is calculated using solution’s expressions.
2. Theoretical Nikiforov - Uvarov (NU) formalism:

The second order differential order form of SE is obtained by using Nikiforov - Uvarov method [3]

g =0y L TO gy o (1)

a(r) a?(r)
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Where polynomial o(r) and 7(r) are of maximum second degree and 1" (1) is of first degree polynomial. To find the

solution of equation (1) by separation of variables using the transformation

Y(r) = e)y(r) (2)
The hyper geometric type of the form of eqn.(1) can be obtained due to transformation
a@y" +1()y’ +1y =0 (3)

The value of function @(r) is written as in [4]

@' _

@) o(r) (4)
Where

t(r)=1T(r)+2n(r) =0 (5)

The following expressions are used to calculate the eigenvalue and eigen function of () and constant parameter

A

m(x) = 012_% + \/(0’2_%) —6+Ko (6)
and
Ap=K+n'(r) (7)

In equation (6), the value of K is possible. if the expression in square root sets the discriminant to zero[3]. The new

eigenvalue can take the form.

Ap = —nt'(1) —@a”(r) =0, n=01.. (8)

3. The Schrodinger equation for the Potential:
For the two particle systems, we solve the SE for the wave function Via Potential U(7) in N=3 dimensional space [4]
Y'(r) = 2ug [e —v(M]¥() =0 9)

Where py is reduced of two meson systems and v(r) is the interacting potential for mesons. The distance between

particle is r. As variable in eqn.(1) is separable [5] for given potential. Setting the wave functionR,;(x) = x,;(r) as
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ii(xz M) + [2#(8 —v(r) — %] Ry (x)=0 (10)

x2 dx dx

2
Where %){nk (M)=xnx () and V(r) is chosen potential of the for
V(r)zm‘—%+yr2—5 (11)

This potential has the following characteristics: the first term ar is a Confinement part for long distances, and the

b . : . : . .
second — — lsan Asymptotic part for short distances. Include the quadratic potential [6-7] term yr? in the
potential, which plays an important role and S is arbitrary constant. To improve quarkonium properties, we extend

the potential to include the quadratic potential [6-7] term ar in the potential, which has a significant impact. We

obtain by substituting it in eqn.(10).

Pane() _ 2y | dxnk(®) | 2uR([(. _ @ Y .2 _
dx?z  «x2 + drx + [(8 x +br ZuRr )] Xnk(x) =0 (12)

x4

Where y = (I + 1) assume the term xi for the approximation scheme and r for the meson's characteristic radius.

: L a : . : : 1,
The scheme is based on the expansion ~ in power series around the characteristic radius ry, i.e. around § = —inr
0

space limit to second order. If the dependent term % does not exist, the approximation is similar to the Pekeris-type

approximation, which aids in deforming the centrifugal term. The improved potential can be solved using the NU

method.

. . N 1
We expand % into a powers series around y = 0 by arrangingitasy = x — § where § = -
0

a a a 2
f—yzs(l‘%*%)
5(1+3)
=§(352 —36x + x2) (13)

Notice: Within the approximation, there is an additional model parameter called. If @ = 0, it removes § from the
calculation, and the confining potential vanishes with it. Only the confining field problem remains after the

approximation. We get equation by substituting it in (8).

d*xni(x) — 2_V+ dxni(x) + 2UR
dx? x2 dx x*

(—a+cx —dx?)y,(x)=0 (14)
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3 3 : -
Where, a = —pug (s - ?a) ,C = Up (b + S—Z) and d = (i + %) match eqn.(12) with eqn.(1), we have T = 2x,0 =

x% and 6 = 2(—a + cr — dr?), As a result, we can use the NU method in eqn.(14) to

3a ZuR(b+§—§)

Unk = 5 3 2
(2n+1+ /1+4l(z+1)+ ‘;’33“]

The wave function y,;(x) of equation (10) has the following form

(15)

£ VI gm ¢ 27
) = 2 5 A (yon ) 0o

The normalisation constant Z,, is used in this calculation. Its value is based on

JIRni (r)|2dr = 1 (17)

<1 _ d —n= _
Ry = Zyi TV20 " e v2ax _ (rz E)n (T Vz2a e 2\/2ax) (18)

We compute the mass spectrum of meson systems with quark and antiquark flavours.

The relationship [4][8] is used.

ZMR(b"'z-_g)

(2n+1+ /1+4z(z+1)+8‘;§“

Where m,, m; are the masses of bottominium and charmonium mesons, respectively. For the states 1S to 5S, we

3
M =2mgg + =5 — > (20)

calculate the masses of bb , c¢ and B. mesons and compare our calculated values with PDG and two other
theoretical predictions as shown in tables. The masses of bottominium and charmonium mesons are represented
by mg,mg , respectively. The masses of bb , cc and B. mesons are calculated for the different states and

compare our results to experimental values and two other theoretical researchers tabulated.
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The Bottomonium system masses in GeV

(6 = 0.360GeV,a = 0.2GeV? b = 1.560, my,= 4.713GeV)

n | Type | Present | Ref[9] | Ref[10] | Ref[11] | Expt.[12]
1] 1S 9.461 9.428 9.398 9.390 9.398
2] 2§ 10.025 | 9979 | 10.023 | 10.015 10.023
3| 3§ 10.356 | 10.359 | 10.355 | 10.383 10.355
4| 4S 10.577 | 10.683 | 10.586 | 10.597 10.579
1] 1P 9.798 9.806 9.859 9.864 9.859
2| 2P 10.175 | 10.205 | 10.223 | 10.220 10.232
1| 1D 9.997 |10.075 | 10.161 | 10.153 10.163
2| 2D | 10.299 | 10.423 | 10.449 | 10.436 -

The Charmonium system masses in GeV

(a = 0.2GeV?, 8 = 0.240GeV, m.=1.220 GeV,b = 1.215)

n | Type | Present | Ref[13] | Ref [14] | Ref [15] | Expt.[16]

1] 1S 3.098 3.096 3.096 3.078 3.097

2| 2§ 3.688 3.686 3.686 4.187 3.686

3] 3§ 4.042 3.984 4.040 5.297 4.039

4| 4S 4.240 4.150 4.269 6.407 -

5| 58 4.427 - - - -

1] 1P 3.526 3.433 3.255 3.415 3.511

2| 2P 3.770 3.910 3.779 4,143 3.927
The B, meson systems masses in GeV (m.=1.210 GeV
my,=4.823GeV, § = 0.230GeV,a = 0.3GeV?b = 1.245)

n | Type Present Ref [9] Ref[10] | Expt.[12]

1 1S 6.279 6.272 6.272 6.275

2 2S 6.867 6.864 6.842 6.275

3 3S 7.183 7.306 7.226 -

4 4S 7.370 7.684 7.585 -

1 1P 6.487 6.868 6.699 -

2 2P 6.974 7.146 7.094 -

3 3P 7.244 7.536 7.474 -

1 1D 6.773 6.990 7.029 -

2 2D 7.127 7.399 7.405 -

3 3D 7.338 7.761 7.750 -

4. Conclusions and Discussion:

In this work, the energy eigenvalues and wave functions in 3-dimensional space are investigated analytically by
solving the Schrédinger equation (SE) using the NU method. The Cornell potential has been increased to include
the quadratic potential, which accurately describes heavy mesons. The mass spectra of heavy mesons were

calculated and compared to experimental data [12][16] as well as relevant others theoretical works
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[9]1[10][11][13][14][15] that used different models, as shown in tables. The model has been noted to be an
improvement. At N = 3, the masses of heavy mesons are computed. We found that the existing results are
compatible with the experimental data. The results errors for the charmonium are 0.0302, 0.0361 for the
bottomonium, and 0.005 for the Bc meson, which is better than other published works of different potential

models.
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