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1. INTRODUCTION  
 
If E is (1 )pL p  orC , f E and 1g L ,then it is 

shown in [1, Vol. I, 3.19] that g f is the limit in E of finite 

linear combinations of translates of f . Also, a relationship 
between the convolution and translation operators is 
established in [2] and [5] for Convolutable Banach Spaces of 
Distributions and for Frechet Spaces of Distributions (FD-
spaces). In this paper, we extend that result to homogeneous 
Convolutable Frechet Spaces of Distributions (CFD-spaces).  

2. DEFINITIONS AND NOTATIONS 
 
All the notations and conventions used in [3] and [6] will be 
continued in this paper. In particular, G R / 2 Z  will 
denote the circle group and D will denote the space of all 
distributions on G. For the convenience of the reader, we 
repeat the following definitions given in [3].  

2.1 Definition 
 
A Frechet space E is called a convolutable Frechet space of 
distributions, briefly a CFD-space, if it can be continuously 
embedded in (D, strong*), and if, regarded as a subset of D; it 
satisfies the following properties:  

(2.1)  ,M f E f E      , where M denotes the 

set of all (Radon) measures.  

(2.2)  C E   is a closed subspace of C . 

Throughout the paper E , if not specified, will denote a CFD-

space and E will denote its strong* dual (see [7], Ch. 10). 

 

2.2. Definition 

 A CFD-space E  is said to be homogenous if  0x x  in G  

implies 
0x xT f T f  in E   for each f E .  

3. SOME USEFUL RESULTS  
 
Using Theorems 3.25 and 3.27 of [4] we can state the 
following. 

3.1. Theorem. Let X be a Frechet space and   be a 

complex Borel measure on a compact Hausdorff space Q. If 

:f Q X  is continuous, then the integral 
Q
f d  

exists (and lies in X) such that  

  ( )
Q Q

F f d F f d F X      . 

3.2. Theorem.   If p is a continuous seminorm on a Frechet 

space X and 
Q

y f d   is defined as above, then there 

exists F X  such that  

( ) ( )F y p y and | ( ) | ( )F x p x  for all x X  

 (See Theorem 3.3 of [4]).  

In particular,  

   Q Q
p f d F f d    

                          ( ) ( ) | |
Q Q
F f d p f d     

The above two results will be useful to find the relationship 
between the convolution and translation operators for 
homogeneous CFD-spaces. 
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4. CONVOLUTIONS AND TRANSLATIONS 

4.1. Theorem. Let M  and E  be a homogeneous 

CFD-space. If g E , then g   is the limit in E  of finite 
linear combinations of translates of g . 

Proof: Let gV  denote the closed linear subspace of E  

generated by ( )aT g a G , i.e., the closure in E  of the set 

of all finite linear combinations of elements aT g . We shall 

first prove the theorem for f  in 1L  instead of   in M . 

Let  1 : gS f L f g V    . Now obviously S  is a 

linear subspace of 1L . Also S  is closed in 1L . To see this, let 

f  be a limit point of S . Then there exists a sequence  nf  

in S  such that nf f  in 1L . By Theorem 2.4. of [3], 

nf g f g    in E . But n gf g V   for every n , and 

gV  is a closed linear subspace of E , therefore gf g V   

and hence f S . Thus S  is closed in 1L . 

Now we shall show that S contains all characteristic 

functions of the subintervals of [0,2 ] . To see this, first 

take If   where [ , ]I a b  and 0 2a b    .  

Since E  is homogeneous, the vector valued integral 

yI
T gdy  is defined and belongs to E  (see Theorem 3.1). 

Now, for every n , 

 
1

( )
2 yI

T g dy n



 
 
 

1
( )

2 y nI
T gdy e

 
   
   

                                              1

2 y nI
T g e dy

    

                             
1

ˆ( )
2 I

iny g n dye


   

                            
1

ˆ( ) ( )
2

iny
Ig n y e dy


   

                            ˆ ˆ( ) ( )Ig n n  

                                             ( )I g n 
   

Hence,      
1

2I YI
f g g T g dy


    . 

Partition I  by a finite number of subintervals kI  whose 

lengths kI  are majorized by a number   to be chosen 

later. Choose and fix a point ka  in each kI . We then have 

1

2
| |

kk a
k

f g I T g


    

              1 1

2 2k
k

y a kI
k k

T g T g dy h
 

    , say. 

Now given 0   and a continuous seminorm p  on E , we 

can choose 0   so small that 

 
kk y ay a p T g T g       

Then, by Theorem 3.2, 

   
k

k
k y a kI

p h p T g T g dy I     for each k. 

Hence, 

1 1 1
| |

2 2 2kk a k
k k

p f g I T g I I 
  

 
    

 
  . 

Since this holds for each continuous seminorm p , 

1
lim

2 kk ak
k

I T g f g
 

   

But 
1

2 kk a
k

I T g
   is a finite linear combination of 

translates of g , hence gf g V  , i.e., f S  where 

If  .  

As finite linear combinations of characteristic functions of 

the form I  are dense in 1L  and S  is closed in 1L , we can 

conclude that 1S L . 

Now, let   be in M . Then 1
n L   for all n , i.e., 

n S   for all n . Hence, n gg V     for all n . But 

   n np g g p g g            . 

So, by Theorem 2.4. of [3], there exists a continuous 

seminorm q on E such that 

   1n np g g q g g           

But ng g   by Theorem 3.6. of [3], therefore 

  0 as . np g g n        

Hence * gg V  . 
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5. CONCLUSIONS 
 
In this paper, we have obtained a relationship between the 
convolution and translation operators for homogeneous 
Convolutable Frechet Spaces of Distributions (CFD-spaces). 
We have used various results and techniques of Functional 
analysis to obtain the result. The result obtained will be 
useful for further analysis in the field of Fourier analysis and 
Functional analysis. 
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