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Abstract - Partial integro–differential equations 
(PIDE) occur in several fields of sciences and 
mathematics. The main purpose of this paper to study 
how to solve partial integro–differential equation 
(PIDE)  by using various methods like Laplace, Elzaki 
and Double Elzaki Transform. 
 
To solve PIDE by using Laplace Transform (LT), first 
convert Proposed PIDE to an ordinary differential 
equation (ODE) then solving this ODE by applying 
inverse LT we get an exact solution of the problem.  
 
To solve PIDE by using Elzaki Transform (ET), first 
convert Proposed PIDE to an ordinary differential 
equation (ODE) then solving this ODE by applying 
inverse ET we get an exact solution of the problem.  
 
To solve PIDE by using Double Elzaki Transform (DET), 
first convert Proposed PIDE to an algebraic equation , 
Solving this algebraic equation & applying double 
inverse Elzaki transform we obtain the exact solution of 
the problem. 
  
These methods are useful tools for the solution of the 
differential and integral equation and linear system of 
differential and integral equation. 
 

Key Words: Partial integro–differential equations 
(PIDE), Ordinary differential equation (ODE), Laplace 
Transform (LT), Elzaki Transform (ET), Double Elzaki 
Transform (DET). 
 

1. INTRODUCTION 
 
In the last few years theory and application of partial 
integro – differential equation (PIDE) play an important 
role in the various fields of many problems of 
mathematical fields, engineering physics, biology,  and 
social sciences [4-15]. This explains a growing interest in 
the mathematics community to integro-differential 
equations and in particular to partial integro-differential 
equations. 
 Therefore it is very important to know various methods to 
solve such partial differential equations [1-3]. 
 

One tool for solving linear PIDE’s is the Laplace transform 

(LT) method [1]. LT is used for calculations of water flow and 

heat transfer in fractured rocks [1]. 

 
Second tool for solving linear PIDE’s is Elzaki transform 
method. It is one of the useful tool for solution of the 
differential, integral equation and linear system of 
differential and integral equation [2]. 
 
Third  tool is Double Elzaki Transform which is the higher 
version of Elzaki Transform to solve linear PIDE’s [3]. 
 
In this paper we solve single example of PIDE by using 
three different methods like Laplace, Elzaki and Double 
Elzaki Transform. 

 
2. PRELIMINARIES 

  
2.1 Laplace Transform method: 
 

Definition: The Laplace transform of a function f(x), is 
defined by 

 
 
(Whenever integral on RHS exists)  

Where,   , p is real and  L is the Laplace transform 

operator. 
 

      Convolution Theorem: 
 

             Let  and  having Laplace transform 

 

 

If    

 
        then Laplace transform of the convolution of  f  and  g , 

 

 
  is given by , 
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Solving PIDEs using Laplace Transform Method:  

  

Consider general linear PIDE, 
 

                    …………..(1)                                                                            

 

(with prescribed condition) 
Where   are known functions. 

 are constants or the functions of  x.  

            Taking Laplace transform on both sides of  
PIDE(1) with respect to  t   we get, 
 

 
 
Using convolution theorem for Laplace transform we get  
 

=0                                                   
                                                                         ……………..(2)    

Where ,  

 

                                       
 
 Equation (2) is an ordinary differential equation in ū(x,p). 
Solving this ODE and taking inverse Laplace transform of  
ū(x,p), we get a solution u(x,t) of (1). 
 

Illustrative example: 
 

Example .       
           Consider the PIDE  
 

              .......... (3) 

 

With initial condition  
     

                                    ……...(4) 

 

And boundary condition 

 
                                                    .……...(5)    

 

Solution:-        
 

 Taking  Laplace transform w.r.to t  on both sides of (3) 

 

 
     

                                    ………..(6) 

 

 
 
Therefore the solution of (6) is  
 

                           .………...(7) 

 

From the boundary condition (5) 

                                                       ……….…..(8) 

 

Using (7) and (8)  we get  C=0 
  

 

                               

..….….…..(9) 

 
Applying inverse Laplace transform for (9) , we get exact 
solution  

 
 
2. 2 Elzaki Transform 
   

Definition:   
 
 Let a function f(t) defined for     then  Elzaki  

transform  of  f(t)  is the function  T  defined as follows,    
 

 
 

Theorem -1 
 

Elzaki transform of partial derivatives are in the form  
 

1)  

 

2)  

 

3)  

 

4) E  
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Theorem -2 (Convolution): 
                    
Let  and  having Elzaki transform  

then Elzaki transform of the convolution of  f  and  g , 

 

 is given by:  

 

                E  =  

 

 
Solving PIDEs using Elzaki Transform Method : 

 

Consider general linear PIDE, 
 

                ………...(10)                                                                            

 

(with prescribed condition) 
 

  Where   are known functions. 

 are constants or the functions of  x.  

            Taking  Elzaki transform on both sides of  
PIDE(10) with respect to  t   we get, 
 

 
 

Using  theorem 1 and theorem 2 for Elzaki transform 
we get, 
 

 
                                                                           …………(11) 
 

Where     

 

 
 

Equation (11) is an ordinary differential equation in 
ū(x,v). Solving this ODE and taking inverse Elzaki 
transform of  ū(x,v), we get a solution u(x,t) of (10). 
 

Illustrative example: 
 

Example .       
           Consider the PIDE  
 

                ……(12) 

 

With initial conditions  
 

                                     ……..(13) 

 

And boundary condition 

 

                                                 ……..(14)    

 

Solution:-        
  

Taking  Elzaki transform w.r.to t  on both sides of (12) 
 

. 

 

 
 

                          ……(15) 

    

Therefore the solution of (15) is, 
 

                                 ……….(16) 

 

From boundary condition (14), 

       ………….(17) 

 

Using (16) and (17),  to  get, 
 

                                                                       ………..(18) 

Then equation (11) becomes, 
 

                                                            ………….(19) 

 
Applying inverse  Elzaki transform on both side of  (19) , 
we get exact solution , 
 

  

 

.                                 ……….(20) 

 

2.3 Double Elzaki Transform 
 

Definition: 
   

Let  be a function which can be 

expressed as a convergent infinite series  then, its double 
Elzaki transform, given by 
 

 
                                   ………...(21) 

 



          International Research Journal of Engineering and Technology (IRJET)               e-ISSN: 2395-0056 

               Volume: 02 Issue: 03 | June-2015          www.irjet.net                                                      p-ISSN: 2395-0072 

 

© 2015, IRJET.NET- All Rights Reserved  Page 1828 
 

Where u & v are complex values. 
  
Theorem -1 
 

Double Elzaki transform of first and second  order partial 
derivatives are in the form , 
 

 . 

 

 .                                          

 

3)      

 

. 

 

 
 

Theorem -2  (Convolution):   
 

            Let 𝑓(x,𝑡)  and 𝑔(x,𝑡)  be the functions having  
Double Elzaki transform  𝑀(u,𝑣)  and 𝑁(u,𝑣) then  the 
Double Elzaki transform of the convolution of  𝑓(x,𝑡) and  
𝑔(x,𝑡)   is,   
 

    ……….(22) 

 

 
 
Solving  PIDE’s  using Double Elzaki Transform 
Method : 
 

Consider  the general linear partial integro-differential 
equation,      
 

                                    …………(23)  

 
(with prescribed condition) 
 
             Where   are known functions. 

 are constants or the functions of  x.  

               Taking  double Elzaki transform on both sides 
of  PIDE(23) with respect to  t   we get, 
 

 
                                                                          …………..(24) 
 

Using theorem 1 and theorem 2 for double  Elzaki 

transform we get, 

 

                                          …………..(25) 
 

 

Where     ,  

 

 
  

Equation (25) is an algebraic equation  in  . 

Solving algebraic equation and take inverse double  
Elzaki transform of we get,  , we get an exact 

solution  of (2). 

 

Illustrative example: 
 

Example .       
           Consider the PIDE  
 

             …….(26) 

 

With initial condition  

 

                                   ……….(27) 

 

And boundary condition 

 

                                              ………..(28)    

 

Solution:-        
 

Taking  double Elzaki transform of equation (26)  
 

.                                                 ……….(29)                                    

                                                                                
And single Elzaki transforms of  initial condition (27) & 
boundary condition (28) are given by  
 

   ,  

 
Then equation (29) becomes  
 

.      
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   . 

 

. 

 

 

 
 

              ...………(30) 

 

 Applying  inverse double  Elzaki transform of equation 
(30), we get an exact solution  
 

 
                             

 CONCLUSIONS 
 
PIDE’s are used in modeling various phenomena in  
science, engineering and social sciences. The methods of 
Laplace , Elzaki and Double Elzaki transforms are 
successfully used to solve a general linear PIDE’s.  In 
Laplace and Elzaki transforms general linear PIDE’s are 
solve by using convolution   kernel. In double Elzaki 
transform by using an algebraic equation we solve general 
linear PIDE’s. Finally we  get  exact  solutions  of  such  

PIDE after a few steps of calculations.  
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