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Abstract - This study presents the design of a Two-
Degree-of-Freedom (2DOF) controller using
Coefficient Diagram Method (CDM) techniques for
three tank interacting system. By using the Taylor
series, the mathematical modeling of nonlinear
three tank interacting system is approximated as
First Order Plus Dead Time (FOPTD) transfer
function. Based on the CDM technique, the
parameters of 2DOF controller are designed and
implemented in three tank interacting system using
MATLAB software. The servo performance of the
proposed 2DOF controller using CDM technique
control strategy is compared with the conventional
PI controller. Finally, the performances of the two
controllers are compared and analysed. The
simulation results show that the proposed 2DOF
controller using CDM technique control strategy is
effective and potential for severe nonlinear control
problem.

Key Words: Three Tank Interacting system, Two-
Degree-of-Freedom (2DOF), Coefficient Diagram
Method (CDM), Conventional PI controller.

1. INTRODUCTION

Process industries utilizes three tank interacting system
for processing of two different chemical composition
streams into a required chemical mixture in the mixing
reactor process, with monitoring and controlling of flow
rate and level of chemical streams. In most of the
chemical plants, level control is extremely important
because desired production rates and inventories are
achieved through proper control of flow and level. The
performance of some processes such as chemical
reactors depends critically on the residence time in the

vessel which in turn depends on the level. At this point it
is clear that level control is an important control
objective. Due to the pronounced non linear nature of
several chemical processes, interest in non linear
feedback control has been steadily increasing over the
last several years [1]. The physical hardware unit of
three tank interacting system is shown in the Figure 1.

Fig-1: Physical setup of three tank interacting system

Linear controllers can yield a satisfactory performance if
the process is operated close to a nominal steady state or
is fairly linear. But the performance of the controller
degrades with change in operating point and process
parameters. Advance controllers such as adaptive or
predictive controller’'s works well even with model
mismatch, but the design and implementation require
on-line identification of the model. A nonlinear gain
scheduling controller works satisfactorily only when the
gain is changing for different operating points and time
delay is not significant. Furthermore the non linear gain
scheduling controller has to be tuned at every sampling
time, which is relatively complex [2]. Thus, there is an
incentive to develop and implement feedback control
schemes that takes the process non linearity in control
calculations.
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The algebraic design approach namely CDM was
developed and introduced by Shunji Manabe in 1998.
CDM uses polynomial expressions to represent both the
plant and the controller. In this representation, all the
equations deal with numerator and denominator
polynomials independent from each other and hence the
ambiguity that arises due to pole zero cancellations is
avoided. In CDM, the characteristic polynomial of the
closed loop system is framed using key factors namely
stability indices and equivalent time constant. Taking the
key factors into account, the coefficients of the controller
polynomials are found. The close relation between the
conditions embedded via key factors in the characteristic
polynomial and the coefficients of the controller
polynomials makes CDM technique effective not only for
control system design but also for controller parameter
tuning [3].

In the present work, an attempt is made to design 2DOF
controller using CDM technique for three tank
interacting system. The important features of CDM are
adaptation of the polynomial representation for the
plant and the controller, nonexistence or existence of
very small overshoot in the closed loop response,
obtaining the characteristic polynomial of the closed
loop system efficiently by taking a good balance of
stability. This technique leads to good robustness of the
control system with uncertainty in the plant parameters.
The strength of CDM is simple and can be designed for
any plant [4].

The remaining contents of the paper are organized as
follows. Section 2 gives the mathematical modeling of
three tank interacting system. In section 3, the proposed
2DOF controller using CDM technique is presented.
Section 4 gives the design of Conventional PI Controller.
Results and discussions are described in section 5.
Finally concluding remarks are given in section 6.

2. MATHEMATICAL MODELING OF THREE TANK
INTERACTING SYSTEM

Consider an interacting cylindrical three tank process
system, with single input & single output (SISO system).
The control objective is to maintain a level (h3) in tank-3
by manipulating the varying inflow rate (q1) of tank-1,
shown in the Figure 2.

PUMP

(Output Height = hs)

4 a

TANK 1 TANK 2 TANK 3

Fig-2: Schematic diagram three tank interacting system

Where,

e  The volumetric flow rate into tank-1 is q1 (cm3/sec)

e The volumetric flow rate from tank-1 to tank-2 is
g1z (cm3/sec)

e The volumetric flow rate from tank-2 to tank-3 is
qz23 (cm3/sec)

e  The volumetric flow rate from tank-3 is q4 (cm/sec)

e The height of the liquid level in tank-1 is hi (cm)

e The height of the liquid level in tank-2 is h; (cm)

e The height of the liquid level in tank-3 is hz (cm)

e Three tanks (1, 2 and 3) have the same cross
sectional area A1, Az and A3z (cm?2)

e The cross sectional area of interaction pipes are
given by ai2 ,a23 and a4 (cm?)

e The valve coefficients of interaction pipes are given
by Ci2,Cz23and cs

According to Mass Balance Equation,

Accumulation = Input - Output

dh
AT = g, (1) = Qoue (©) &)

Applying Mass Balance Equation on Tank-1:
dh
A TEO = q(0) - ap®.cp(©.y280 — b)) (2)

Applying Mass Balance Equation on Tank-2:
dh, (t)
Ay FT a2 (D). c12(t).v/2g(hy — hy)
—ay (). cz3(t). 2g(hy — h3) (3)
Applying Mass Balance Equation on Tank-3:
dh; (t)

Az T ay3(1). c3 (). y/2g(h, — h3)
—a4(t). cu(t)./2gh; (4)

To understand the behavior of a process, a mathematical
description of the dynamic behavior of the process has
been developed. But unfortunately, the mathematical
model of most of the physical processes is nonlinear in
nature. Also most of the tools for analysis, simulation
and design of the controllers, assumes the process
dynamics is linear in nature. In order to bridge this gap,
the linearization of the nonlinear model is often needed.
This linearization is with respect to a particular
operating point of the system. In this section, the
linearization of the nonlinear mathematical behavior of a
process are done using Taylor series method. Then, a
control system is developed and designed based on the
linear model.
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df(h—hs af(Q—Qs
f(h, Q) = flhy — Q) + Z5 4 ZOE (5)
Linearization using Taylor Series Method on Tank-1:

T = H QO - Tex® + T 0] (6)

Linearization using Taylor Series Method on Tank-2:

2O = L [Txi© =~ (T + B)x® +Txs©] (7)

Linearization using Taylor Series Method on Tank-3:

dxs (t 1
T = S Txp(®) = (T + T).x3(0)] ®
a a
Where,T; = %ﬁ_ y T = %ﬁ_ and
V2 |h{—h; V2 |hy—h3

T; = e ; x(0) = hy() —hy;
5

V2

x2() = hy(D) —hy and x3() = h3(t) —h;

The operating parameters of the three tank interacting
system are given in the following Table 1.

Table-1: Operating parameters of three tank interacting
system

PARAMETERS DESCRIPTION VALUES
g Gravitational force 981
(cm2 /sec)
a1z, a2 &as Area of pipe (cm?) 3.8
his Steady state water 10
level of tank-1 (cm)
has Steady state water 7.5
level of tank-2 (cm)
hss Steady state water 5

level of tank-3 (cm)

AL A & As Area of Tank (cm?) 176.71
C12 Valve coefficient of 1
tank-1
C2s3 Valve coefficient of 1
tank-2
Cy Valve coefficient of 0.45
tank-3

Based on the linearized equations and above operating
parameters of three tank interacting system, we
obtained the state equation and output equation (State

OUTPUT EQUATION:
hy

y=0 0 1) (h2>+ 0 (10)
h3

Based on the above state space model of the
three tank interacting system, we obtain the transfer
function of the system by using coding in the MATLAB

software.
H3(s) _ 0.0005133

Q1(s)  s3+1.301s2+0.3587s+0.008691

(11

The FOPDT model of interacting three tank
process (SISO System) is approximated using two point
methods from actual third order transfer function
system. The two point method [4] is used here. The
method uses the times that reach 35.3% and 85.3% of
the open loop response.

0.0591 e S
G,(s) =——
P( ) 36.79s+1

(12)

Where,

tq=time delay = 5 sec
T = time constant = 36.79 sec

K, = proportional gain = 0.0591

3. DESIGN OF 2DOF CONTROLLER USING CDM
TECHNIQUE

3.1 Design concept of CDM Controller:

The block diagram of CDM control system is shown in
the Figure 3. In this figure, r is the reference input, y is
the system output, u is the controller signal and d is the
external disturbance signal. N(s) and D(s) are the
numerator and denominator polynomials of the plant
transfer function.

" = /U_’ 1 . N(s) y
i +
) /\ - AS) \ D(s)

Space Model) of the SISO tank system. Plant
STATE EQUATION: BS)

hy —-0.3012  0.3012 0 hy Controller

h, | = ( 0.3012 —0.6024 0.3012> <h2>

hs 0 0.3012 —0.3970/ \hs Fig-3: Standard CDM block diagram

0.00568
+l 0 (a1) )
0
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A(s) is the forward denominator polynomial, while B(s)
and F(s) are the feedback numerator polynomial and
reference numerator polynomials of the controller
transfer function.

For the given system, the output of the CDM control
system is given by,

_ N(F(s) A(s)N(s)
y= P(s) r+ P(s) d

(13)

Where, P(s) is the characteristic polynomial of the
closed-loop system and defined by,
P(s) = A(s)D(s) + B(s)N(s) = X ,(a;s), a; >0 (14)

Here, the controller polynomials (A(s) and B(s)) are
given as,

A(s) = X7, (Iis)and B(s) = XL, (ks (15)

When polynomial F(s) is chosen as

Fs) = 12 | s =0 (16)

the overall closed loop transfer function becomes Type-I
system. Therefore a good closed-loop response can be
achieved.

The design parameters of CDM are the stability indices
(vi) and equivalent time constant (t). The stability
indices determine the stability of the system and the
transient behavior of the time domain response (with
overshoot, without overshoot and oscillations etc.). In
addition, they determine the robustness of the system to
parameter variations. The equivalent time constant,
which is closely related to the bandwidth and it
determines the rapidity of the time response. According
to Manabe (1998), the design parameters are defined as

follows
t
25=3

T= (17)
Where t; is the user specified settling time y;= [2.5 2 2...],
where i=1,...,n-1,yo=yi= 0 (18)

If necessary, the designer can modify the values of
stability indices.

Using the design parameters defined in equation (17)
and equation (18), a target characteristic polynomial
(Ptarget(s)) is formulated as

Paarget (8) = ag [{ ) <l’[};} (y%)) ((rs)i)} + s+ 1] (19)

i-j

By substituting the controller polynomials in equation
(15) into equation (14), the closed loop characteristic
polynomial P(s) are obtained. This polynomial is
compared with equation (19) to obtain the coefficients of
CDM controller polynomial 1; k; and a; [6].

3.2 Design of CDM based Controller Parameter
for Three Tank Interacting System:

The process considered for this study is three tank
interacting system. The mathematical model of three
tank interacting system is expressed as polynomial form,

given below.
—0.29555+0.1182
Gy(s) =

183.95s52+ 78.585+2 (20)
Since CDM is a polynomial-based method, the transfer
function of the system is thought to be two independent
polynomials (N(s) and D(s)) as shown in Figure 2. These
polynomials are,

N(s) =-0.2955s + 0.1182 and

D(s) = 183.95s2+ 78.58s + 2 (21)

The explicit forms of the controller polynomials A(s) and
B(s) appearing in the CDM control system structure as
shown in Figure 2 are represented by Equation (15). In
this work, the controller polynomials are chosen for the
step disturbance signal. By considering the equivalent
transfer function of the system given in Equation (20),
the controller polynomials have forms

A(s)=12s2+1lis and B(s) = kas?+ kis + ko (22)

Where 1 li, ks, ki and ko are controller design
parameters. it is considered that there is a step
disturbance affecting the system. Thus, let the structure

of the controller be chosen with 1y = 0 as follows.

2
G.(s) = B() _ kes®+ kistko (23)

As) Ips2+11s

By substituting Equation (21) and Equation (22) in
Equation (14), the characteristic polynomial of the
control system is obtained as

P(s) = 183.95l,s* + (78.58l, + 183.95]; - 0.2955Kk;)s3 +
(21 + 78.5811 -0.1182k, - 0.2955k1)s? + (211 + 0.1182k; -
0.2955ko)s + 0.1182kq (24)

By substituting the values of the equivalent time
constant (t) and the stability indices (y;) in Equation
(19), the target characteristic polynomial is formulated
as

P (s) = LA SN SIS S (25)
target v3v3vi v2v3 Y1

Based on the simulation the user specified sampling time
t; is obtained as 109 seconds and calculated time
constant T = 39.20 seconds.

ts=109 secand t = 39.20 sec (26)

By substituting the above value of time constant in
Equation (25), we have
Prarget(s) = 12100.32s4 + 3857.67s3 + 614.92s2 + 39.20s + 1 (27)
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By equating the coefficients of the terms of equal power
of Equation (24) and Equation (27), the CDM controller
parameters (12,11, ko, k1 and ko) are computed as follows
l; = 0.4014; 1> = 65.7804; ko = 8.4602; k; = 346.0719;
and k; = 4687.67 (28)

The pre-filter (F(s)) are chosen by Equation (16) and
calculated as
F(s) = 8.4602 (29)

3.3 Design of 2DOF Controller using CDM
Parameter for Three Tank Interacting System:

The Computation of 2DOF controller with CDM
parameters has been calculated here, the standard block
diagram given in Figure 3 is reduced as its equivalent
block diagram as shown in Figure 4 using block diagram
reduction techniques.

d
r u v
F(s)/B(s) —>©-> B(s)/A(s) H¥ N(s)/D(s)

7y
Plant

Y

Controller

Fig-4: Equivalent CDM block diagram

From the above Figure 4, the values obtained are

F(s) _ 8.460

= 30
B(s)  4687.67s2+ 346.07s+ 8.460 (30)
B(s) _ 4687.67s2+ 346.07s+ 8.460 (31)
AGs) 65.78052+ 0.4015s

Implement the above Equations (30) and (31) in
Figure (4), then obtain the desired set point tracking
response in the MATLAB simulation. The Simulink model
for Two-degree-of-freedom controller with CDM is
shown in the Figure 5.

Setpoint

st s ]
]

den(s) den(s)

F(s)/B(s) B(YA(S) N(s)D(s) Scope

¥

simout

L}

Fig-5: Simulink model for Two-degree-of-freedom
controller with CDM

4. DESIGN OF CONVENTIONAL PI CONTROLLER

The PI controller consists of proportional and integral
term. The proportional term changes the controller
output proportional to the current error value. Large
values of proportional term make the system unstable.
The Integral term changes the controller output based

on the past values of error. So, the controller attempts to
minimize the error by adjusting the controller output.
The PI gain values are calculated by using the MATLAB
auto tuning algorithm.

u(® = K, (e(t) + Tll Iy e(t)dt) (32)

The PI Tuner allows to achieve a good balance between
performance and robustness for either one or two-degree-of-
freedom PI controllers. Pl Tuner is used to tune Pl gains
automatically in a Simulink model containing a PI
Controller or PI Controller (2DOF) block. The PI Tuner
considers as the plant all blocks in the loop between the PI
Controller block output and input. The blocks in the plant
can include nonlinearities. Because automatic tuning
requires a linear model, the Pl Tuner computes a linearized
approximation of the plant in the model. This linearized
model is an approximation to a nonlinear system, which is
generally valid in a small region around a given operating
point of the system.

The obtained gain values of PI controller based on the auto
tune method is proportional gain Kp = 2.2093 and integral
gain Ki = 0.4504. The Simulink model for conventional PI

controller is shown in Figure 6.
1

To Workspace

0o =) {o) @ |0

Setpoint Pl Controlier Transfer Function Transport Scope
Delay

Fig-6: Simulink model for conventional PI controller

5. RESULTS AND DISCUSSION

5.1 Closed Loop Response of 2DOF Controller
using CDM:

The closed loop response obtained using the Two-
degree-of-freedom controller (2DOF) with CDM is shown
in the Figure 7, based on the controller design.

[CDM CONTROLLER RESPONSE]
T T : ;

Level in em

L L L L L L
0 100 200 300 400 500 600
Time in sec

Fig-7: Response of 2DOF controller using CDM
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5.2 Closed Loop Response of Conventional PI
Controller:

The closed loop response obtained using Conventional PI
controller is shown in the Figure 8, based on the
controller design.

‘('( INVENTIONAL CONTROLLER RESPONSE

Level in cm

10

i i i i P
200 300 400 500 600 700
Time in sec

Fig-8: Response of Conventional PI controller

i
[}] 100

5.3 Comparative Closed Loop Response:

The comparative closed loop response of proposed
controller is shown in the Figure 9, based on the
controller design.

‘( OMPARATIVE CLOSED LOOP RESPONSE
T T T T T T

===—= Sect Point
— DM
Pl

20 [ o i

W0 f

0 / 1 I 1 1 I 1
0 100 200 300 400 300 600 700

Time in sec

Fig-9: Comparative closed loop response

Based on the above response of the 2DOF controller
using CDM and Conventional PI controller, the
performance metrics are calculated and given in the
below Table 2.

Table-2: Comparative performance metrics of 2DOF
using CDM and Conventional PI controller:

2DOF
Performance Conventional Controller
Metrics PI Controller using CDM
Rise Time (sec) 90 100
Settling Time (sec) 470 110
Peak Time (sec) 135 120
Peak Overshoot (%) 16 0
Integral Absolute 1258 852
Error (IAE)

From the Table 2, the comparative analysis of controller
performance based on the rise time, settling time, peak
time, peak overshoot and integral absolute error of time
domain response of the proposed system.

By comparing the performance of 2DOF controller using
CDM with conventional PI controller, the 2DOF
controller using CDM has better response because it
does not contain overshoot in output response and also
the IAE value is 852 which is low when compared to the
value of Conventional PI Controller. Therefore 2DOF
controller using CDM has better, no overshoot and
robust response in output, which is verified in the
simulation result.

6. CONCLUSION

The three tank interacting system is a highly non-linear
process because of the interaction between the tanks.
The controlling of nonlinear process is a challenging
task. In this paper, the linearized model of three tank
interacting system was obtained.

The 2DOF controller using CDM technique and
Conventional PI controller are designed and simulated
using MATLAB. From the results, it is proved that the
2DOF controller using CDM responses are fastest
according to rise time and have smallest settling time
with no peak overshoot. Finally, the proposed 2DOF
controller using CDM control strategy can be applied to
any hybrid tank interacting processes to obtain the
improved closed loop system performance under
practical environment.
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