’// International Research Journal of Engineering and Technology (IRJET) e-ISSN: 2395 -0056

JET Volume: 03 Issue: 05 | May-2016

www.irjet.net

p-ISSN: 2395-0072

On the Quasi-Hyperbolic Kac-Moody Algebra QHA~(2)

Uma Maheswari. A1, Krishnaveni. S2

1Department of Mathematics
Quaid-E-Millath Government College for Women (Autonomous), Chennai
Tamil Nadu, India
2Department of Mathematics
M.O.P Vaishnav College for Women (Autonomous), Chennai
Tamil Nadu, India

Abstract - In this paper, for a special class of indefinite
type of quasi hyperbolic Kac-Moody algebra QHA,2 , we
obtain the complete classifications of the Dynkin diagrams
associated to the Generalised Cartan Matirces of QHA2.
Moreover, some of the properties of imaginary roots such as
strictly imaginary, purely imaginary and isotropic roots are
also studied.
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1. INTRODUCTION

Root system plays a vital role in the structure of Kac-
Moody algebra [2],[3]. Kac [2], introduced the concepts of
strictly imaginary roots for Kac-Moody algebras.
Casperson [1], obtained the complete classification of Kac-
Moody algebras possessing strictly imaginary property. A
special class of indefinite type of Kac-Moody algebra,
called an extended-hyperbolic Kac-Moody algebra and the
new concepts of purely imaginary roots was introduced by
Sthanumoorthy and Uma  Maheswari in  [4].
Sthanumoorthy et. al. [5-8] obtained the root multiplicities
for some particular classes of EHA1(Jand EHA,(2).

In [9], Uma Maheswari introduced another special class of
indefinite type of non-hyperbolic Kac-Moody algebras
called quasi-hyperbolic Kac-Moody algebra. In [10-14],
some particular classes of indefinite type quasi hyperbolic
Kac-Moody algebras QHG2,QHA>(1), QHA4®, QHAs(® and
QHA;® were considered, the homology modules upto
level three and the structure of the components of the
maximal ideals upto level four were determined by Uma
Maheswari and Krishnaveni. For some quasi affine Kac
Moody algebras QAC:(M) , QAG>(Y) and QAGGDz @ the
complete classification of the Dynkin diagrams and some
properties of real and imaginary roots were obtained in
[15,17 and18] by Uma Maheswari. The complete
classification of the Dynkin diagrams associated to the
quasi hyperbolic Kac-Moody algebra QHA,() was obtained
and the properties of purely imaginary and strictly
imaginary roots was studied in [16].

In this work, we consider the particular class of indefinite
type of quasi-hyperbolic Kac-Moody algebra QHA(3),

whose associated symmetrizable and indecomposable
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where p,qr,s,tab,cde are non-negative integers. The
main aim of this work is to give a complete classification of
the Dynkin diagrms associated with QHA7(? and to study
some of the properties of imaginary roots.

1.1. Preliminaries

In this section, we recall some necessary concepts of Kac-
Moody algebras. ([2],[9])-

Definition 1.1[2] : A realization of a matrix A=(aij)

GCM is

n

i,j=L
of rank [, is a triple ( H, m, mv ), His a 2n - I dimensional
complex vector space, T {a1,...,0n} and TV
{ a1Y,..,an"} are linearly independent subsets of H* and H
respectively, satisfying aj(o¥) = aj for i, j = 1,....,n. m is
called the root basis. Elements of m are called simple roots.

n
The root lattice generated by mis Q = Z ;.

i=1
Definition 1.2[2]: The Kac-Moody algebra g(A) associated
with a GCM A=(a1.j )?,j:l is the Lie algebra generated by
the elements e;, fi, i= 1,2,.,n and H with the following
defining relations :
[h,h'] =0, hh eH
le;, f,1=5,a’
[he;1 =a;(he,
[hf;]1 =—a;()f;,
(ade,) ™e; =0
(adf)™ f, =0 ,Vi=j ije N
The Kac-Moody algebra g(A) has
decomposition §(A) = ag')(? g, (A) where

i,jeN

the root space

9, (A)={xeg(A)/[h,x]=a(h)x, for all he H}. An
element a, o # 0 in Q is called a root if g« # 0.
1.3[9]: Let  A=(a;)};4 be

indecomposable GCM of indefinite type. We define the
associated Dynkin diagram S(A) to be Quasi Hyperbolic

Definition an
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(QH) type if S(A) has a proper connected subdiagram of
hyperbolic type with (n-1) vertices. The GCM A is of QH
type if S(A) is of QH type. In this case, we say that the Kac-
Moody algebra g(A) is of QH type.

Definition 1.4[2]: A root a€A is called real, if there exists
aw € W such that w(a) is a simple root, and a root which
is not real is called an imaginary root. An imaginary rooty
is said to be strictly imaginary if for every real root a ,
either a +y or a -y is a root. An imaginary root « is called
an isotropic if (a, «) = 0.

Definition 1.5[1]: A generalized Cartan matrix A has the
property SIM (more briefly: A € SIM) if
A5|m (A) — Alm (A)

Definition 1.6[4]: Let a€A.m is said to be purely
imaginary if for any BEA.™, a+B€A.m A GCM A satisfies
the purely imaginary property if A" (A)=A"T(A).If A
satisfies the purely imaginary property then the Kac-
Moody algebra g(A) has the purely imaginary property.

2. DYNKIN DIAGRAMS ASSOCIATED WITH
THE INDEFINITE TYPE OF QUASI
HYPERBOLIC KAC-MOODY ALGEBRA QHA,()

In this section, we prove the classification theorem
wherein connected, non isomorphic Dynkin diagrams
associated with QHA7(@ are completely classified. Next, we
study some of the properties of roots for specific families
in the class QHA,(2),

Theorem 2.1: ( Classification Theorem ) : There are 88
connected, non isomorphic Dynkin diagrams associated
with the GCM of the indefinite type of quasi hyperbolic
Kac-Moody algebra QHA7 (2.

Proof: The Dynkin diagrams of the indefinite type of Kac-
Moody algebra QHA7 (@ is obtained by adding a sixth
vertex, which is connected to the Dynkin diagram of the
affine Kac-Moody algebra A7 (@ by ——, where —~—can be
any one of the nine possibilities:

Case (F An dggs jo@ed?om%e sixth %‘tex to any

one of the five vertices in
A7 @, This can be obtained in the following possible ways.

1 1 Oﬁ
(
Or’
6 304 5
06 1
2
~3 ¢
4 5 3 4 5 6
SNE) 2 @

The number of ways, the sixth vertex can be joined to any
one of the five vertices in A; @ is 9+9+9+9 = 36.

Consider the diagram (1):

Hyperbolic:
Possibilities of —~ are _ , =, <=
Number: 3
Quasi Hyperbolic: Nil
Not Quasi Hyperbolic:
Possibilities of : —_
— N ) (h
Number: 6

Consider the diagram (2):
Hyperbolic:

Possibilities of ——is __
Number: 1

Quasi Hyperbolic:

Possibilities of —— are =, <=

Number: 2
Not Quasi Hyperbolig:
L 4 IR =

Number: 6

Consider the diagram (3):
Hyperbolic:

Number: Nil

Quasi Hyperbolic:
Possibilities of : —~— ___

Number: 1
Not Quasi Hyperbolic:

—DCOIESE

Number: 8

Consider the diagram (4):
Hyperbolic:

Possibilities of — : __
Number: 1

Quasi Hyperbolic:
Number: Nil

Not Quasi Hyperbolic:

G0 5 E SE

Therefore in this

cnnnected, non isomorphic
quasi hyperbolic 73 : 4 [ g 6diagrams, 5 hyperbolic
[19] a oo kin wagrams are not quasi
hyperbolic ty 5in QHA7 2.

Case (ii ) : Two edges are added from the sixth vertex to
any two of the vertices of the Dynkin diagram of A7 (?). This
can be obtained in the following possible ways.
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The number of ways, the sixth vertex can be joined to any
two of the five vertices in A7 @ is 567.

The following tables, shows the nature and also the
number of quasi hyperbolic type of Dynkin diagrams:

Table 1:
Diagram No/ Type | 6-1 0-2 Number
(5) _ _ 1
Quasi Hyperbolic
Not Quasi — 72
Hyperbolic =, =
% L
= =
=2
S -
=, =
- —
= &
——=2—
Table 2:
Diagram No/ Type | 6-1 6-3 Number
(6) =, | I8
Quasi Hyperbolic —
Mot Quasi I X
Hyperbolic —
¥P
= <
=—T=—
Table 3:

Diagram No/ Type | 6-1 -4 Number
(7) . _ 9
Quasi Hyperbolic
Not Quasi — e 72
Hyperbolic —_ L=
S =
=&
Table 4:
Diagram No/ Tvpe | 6-1 6-5 Number
(8) _ _ 3
Quasi Hyperbolic
ﬂ-’g‘:
Not Quasi | __ —— | 24
Hyperbolic =,
— = <
= =
—— —= | 54
== =
= &

All the resulting Dynkin diagrams of the diagrams (9), (10)
and (11) are not of quasi hyperbolic type.

From the above tables, we get 31 connected, non
isomorphic quasi hyperbolic type of Dynkin diagrams in
QHA; @,

Case (iii): When three edges are joined from the sixth
vertex to any three vertices of the Dynkin diagram A7 (3,
we get the following possible forms.

(15)
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4
(16) ) /)

3 4 5
2
(18)
The total number of ways, the sixth vertex can be joined to
any three of the other five vertices in A7 is 93x 7=5103.

Table 5:
Diagram No/ Type | 6-1 6-4 6-2 Number
(13) _ _ —~ |09
Quasi Hyperbolic
Not Quas] |
Hyperbolic ==
P = " .
=< 648
>
- 72
o =, = —_
= ——
E=2—
Table 6:
Diagram No/ Type | 6-1 6-2 6-5 Number
(14) —_ _ _ 27
Quasi Hyperbolic = =
Not . Quasi — ——— o 486
Hyperbolic ;%}
— _ — 216
i — =. =
=R

Table 7:
Diagram No/ Type | 6-5 6-1 6-4 Number
(14) —~ | _ 9
Quasi Hyperbolic
Not Quasi | — 048
Hyperbolic ~

_!:,c:
=
All the resulting Dynkin diagrams corresponds to (12),

(15), (16) and (17) are not of quasi hyperbolic type.
From the above table, we get 45 connected, non

isomorphic quasi hyperbolic type of Dynkin diagrams in
QHA; @,

Case (iv): Let the four edges be joined from the sixth
vertex to any four vertices of the Dynkin diagram of A7),

The total number of ways, the sixth vertex can be joined to
any four of the other five vertices in A7 (@ is 94x 5= 6561.

Among these, the edges connecting the vertices between 6
to1l,6to2,6to4by_ andvary the edge between 6 to 5
by —— , we get 9 connected, non isomorphic quasi
hyperbolic type of Dynkin diagramsin QHA7 (2.

Case (v): When the sixth vertex is added to all the five
vertices of the Dynkin diagram A7 (2.

6

5
The total number ¢ yray ,,3th- Z_‘ixth vertex can be joined to
all the five vertices in A7 is 95= 59049. All the resulting
Dynkin diagrams corresponding to (19) are not of quasi
hyperbolic type.

Therefore, from the above five cases we get a total of
(3 + 31 + 45 + 9) = 88 connected, non isomorphic quasi
hyperbolic type of Dynkin diagrams in QHA7(2).

Properties of imaginary roots:

Proposition 2.2: Consider the indefinite type of quasi
hyperbolic Kac-Moody algebra QHA7(?), whose associated
symmetrizable and indecomposable GCM is
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2 0-10 0 -p
0 2 -10 0 -q
-1-12 -1 0 —-r
A=
0 0 -1 2 -1-s
0 0 0 -22 -t
-a-b-c-d-e 2

where p,q,1,5,t,3,b,c,d,e are non-negative integers. Then the

Kac-Moody algebra g(A) corresponding to QHA7(? has the

following properties:

(i) The imaginary roots of g(A) satisfy the purely

imaginary property.

(ii) The imaginary roots of g(A) satisfy the strictly

imaginary property.

Proof:

)] Since A is a connected, symmetrizable and
indecomposable GCM, by using corollary 3.11 in
[4], we get, A°"(A)=AT(A). Hence the Kac-
Moody algebra g(A) corresponding to QHA7(?) has
purely imaginary property.

(i) Since A is symmetrizable and indecomposable
GCM, A satisfies the required condition given in
the Theorem (23) in [1]. Hence the Kac-Moody
algebra g(A) corresponding to QHA7(? has strictly
imaginary property.

We give the decomposition of the symmetrizable GCM for

a general family in QHA(? :

For the indefinite type of quasi-hyperbolic Kac- Moody

algebra QHA;(®, the associated symmetrizable and

indecomposable GCM is
2 0-10 0-p
0 2 -10 0 —q
-1-12 -1 0 —-r

A=
0 0 -12 -1-s
0 0 0 -2 2 -t
-a-b-c-d-e 2

where p,q,r,s,tab,cde are non-

negative integers. Since A is symmetrizable, A can be
expressed as A=DB where

10000 O 2 0-10 0 -p

01000 O 0 2-10 0 -gq

00100 O -1-12 -1 0 ~-r
D= andB =

00010 O 0 0 -12 -1 -s

00002 O 0 0 0 -1 1 -t/2

00000alp -p-q-r—-s-—t/22pla

with the conditions , b=qa/p, c =ra/p, d=sa/p, e =ta/2p.
Example 1: Consider the indefinite quasi-hyperbolic Kac-
Moody algebra QHA7(® whose associated symmetrizable
and indecomposable GCM

2 0-10 0 -1

02-10 0 -1

-1-12 -1 0 0|

lo0-12 -1-1
0 0O0-22-1
-1-10 -1-2 2

Since A is symmetrizable, A=DB where

100000 2 0 -1 0 0 -1

010000 0 2 -1 0 0 -1

001000 -1 -1 2 -1 0 0
D= and B=

000100 0 0 -1 2 -1 -1

000020 0 0 0 -1 1 -1/2

00O0O0OTO01 -1 -1 0 -1 -1/2 2

Here (a1,01) =2, (az,02) =2, (a3,a3) = 2, (04,04) = 2, (a5,05) =
1, (as06) = 2, (a1,02) = (az,01) = 0,(0,a3) =(az,01) = -1,
(ag,04) = (a4,01) = 0, (ag,05) = (as,01) = 0, (a1,06) = (A6,001) =
-1, (aza3) = (az02) = -1, (aza4) = (as,02) =0,(az0s) =
(as,02)= 0, (0z,06) = (ae02)= -1, (a304) =(as,03) = -1,
(0(3,0(5) =(O(5,0(3) = 0, (0(4,0(5) =(O(5,0(4) = -1, (0(3,0(6) = (0(6,0(3)=
0,(0(4,0(6) = (0(6,0(4) = -1,(0(5,0((,) = (0(6,0(5) =15,

Let B = ai+az+az+ou+as+ae, then (B, B) = - 4 < 0, Therefore
B is an imaginary root. For every real root «, we find that
+ a is also a root. Therefore (3 is a strictly imaginary root.
Let y = ou+as+as then (y, y) = 0, Hence B is an isotropic
root. Let B + v = a1+ az+03+204+20s5+206 then (B +y, B +7Y)
< 0.Hence y a purely imaginary root.

Example 2: Consider the indefinite quasi-hyperbolic Kac-
Moody algebra QHA7() whose associated symmetrizable
and indecomposable GCM

2 0-100 -1

0 2 -1-10 -2

-1-12-10 0
A=

0 0-12-1-1

00 0-120

-1-20-10 2

Since A is symmetrizable, A=DB where

100000 2 0-100 -1

010000 0 2-10 0 -2

001000 -1-12-10 0
D= and B=

000100 0 0-12-1-1

000020 00 0-110

000001 -1-20-10 2

Here (a1,a1) =2, (02,02) =2, (a3,a3) = 2, (0t4,04) = 2, (0t5,05) =
1, (0(6,0(6) = 2, (0(1,0(2) = (O(z,(X1) = 0,(0(1,0(3) :((X3,0(1) = -1,
(a1,04) = (ag,01) = 0, (ag,05) = (as5,01) = 0, (001,06) = (A6,001) =
-1, (aza3) = (a302) = -1, (aza4) = (as,02) =0,(0z,05) =
(a5,02)= 0, (aza6) = (a6,02)= -1, (az,04) =(as,03) = -1,
(as,as) =(as,03) = 0, (os,05) =(as,04) = -1, (a3,06) = (0t6,03)=
0,(as,06) = (at6,04) = -1,(0a5,06) = (0t6,a5) = Y.

Let B = ai+az+az+ou+as+ae then (B, f) =- 5 < 0, Therefore
B is an imaginary root. For every real root o, we find that 8
+ o is also a root. Hence f3 is called a strictly imaginary root.
Let y = ax+oz+ost+as+os then (y, y) = -3 < 0, then y is an
another imaginary root. Now let B+ v = o
202+ 203+204+205+206 then (B +7y, B +y) =-10 < 0.Hence 3
is also a purely imaginary root.
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3. CONCLUSIONS

In this paper, the complete classification of the Dynkin
diagrams is obtained for the indefinite type of quasi-
hyperbolic Kac-Moody algebra QHA7(2). We can extend this
work further to compute the root multiplicities for
QHA;®3.
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